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Relativistic Quantum Mechanics

A Short history of these concepts may be (Weinberg I)

1 1900 Planck quantization. E = ~ω . ~ rises. ‘Explain’ black body
radiation. QFT and QM begin.

2 1901-3 Rutherford and Soddy radioactive decays (Rn220, τ ' 60
sec.) are of statistical nature: τ1/2 .

3 1905 Einstein again quantization (photon). Photoelectriceffect
(Hertz).

4 1909 Photon statistical nature. Self interference.
5 1913 Bohr: Larmor (P = 4αa2/3) fails completely for atoms.

Lifetimes ∼ 10−10 sec.!. L = n~, hydrogen spectra. Same ~.
6 1916 Sommerfeld elliptic orbits model. Fine structure . First

attempt to unify QM with Relativity.
7 1923 Compton experiment: photon scattered by electrons.

Photon; E = ~ω and p = ~k.
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1 1926. Heisenberg, Born, Jordan, Dirac et al. Second quantization
(QFT). [q, p] = i~ EM fields quantized. E and B operators.
Semiclassical theory of radiation. Matter quantized but non
relativistic, radiation classical.

2 1927 Dirac was able to explain spontaneous emission using QFT.
3 1928 Dirac equation . Matter quantized and relativistic, radiation

classical.
4 1932 Anderson . e+ antimatter . γ → e−e+ in cosmic rays.
5 30-s. First divergences are discovered in QFT (QED)

(Heisenberg, Pauli, Oppenheimer)when corrections to fine
structure were attempted. Weisskopf 1934?.

6 1934. Fermi ψ4 QFT for β-decay. Weak interactions.
7 1935 Yukawa first Strong Interaction theory.
8 1934-8. W. Houston, R. Williams and S. Pastenack rumors on

2s1/2 − 2p1/2 nonzero energy separation.
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1 1949. Lamb-Retherford shift. 2s1/2-2p1/2.
2 50-s. Tomonaga, Feynman, Schwinger, Dyson , et al.

Renormalizacion . ’No’ divergences in QED (and in some cases
QFT). Calculations: Lamb shift, anomalous magnetic moment of
the electron (Schwinger). Fortunately precision experiments are
possible too and the comparison theory-experiment is impressive.
QED ‘the best theory’ ever.

3 1958 Yang-Mills theories . From an gauge abelian theory (U(1),
QED) to nonabelian one (like SU(N)).

4 1964 Higgs spontaneous breaking symmetries . Mass: W -s, Z
fermions (no nucleon).

5 50-60-s. QFT for Strong interactions?. S-matrix ‘instead’ QFT.
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1 1963 Glaubert, coherent states (laser). Quantum Optics .
2 1968 Weinberg-Salam (WSM) for the Weak (Electroweak)

Interactions.
3 1973 ’t Hooft and Veltman WSM renormalizable .
4 1973 Gell-Mann, Leutwyler and Fritzsch QCD . Standard Model .
5 1974. Gross, Wilczek, and Politzer QCD Asymptotic Freedom .
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QFT Phenomenology

• QFT consistent theory including Fields (like the EM ones)+Special
Relativity+Quantum Mechanics . SM .
• Phenomena ‘explained’ (quantitative). Not predicted correctly by
Classical FT:

1 How atoms radiate: Classical Larmor P = 4αa2/3 cCompletely
wrong for atoms. Unstable atoms. Lifetimes ∼ 10−10 sec .

2 No Spontaneous emission in Classical Field Theory.
3 Photon (electron, so on) dual character (E = ~ω, p = ~k) needed

to explain black body spectra, photoelectric effect, Compton
experiment, photon self interference and so on.

4 Numer of particles is not constant. Pair creation/annihilation , like
γ ↔ e−e+, µ−µ+, qq̄ (q, quark), pp̄, W−W +, etc. Similarly decay
or production of particles , like a β ((Z , A)→ (Z ± 1)e∓ν) decay
and so on.
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1 Fine and hyperfine structure of atomic spectra.
2 Lamb shift , now measured in many experiments: hydrogen atom

and the hydrogenic atoms U92, etc.
3 Spin. Statistics.
4 Zeeman and Stark effects.
5 The anomalous magnetic moment of the electron, muon, etc.
6 In general any process involving loops like Asymptotic Freedom,

the ‘running’ of the strong, EM constants, etc. Many processes
are possible in fact at the loop level (quantum level).
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Search of RQM

1 Schrödinger Equation (non relativistic QM)

E =
p2

m
+ V (x) = H, p→ −i∇, E → i

∂

∂t
, [pi , xj ] = −iδij

i
∂

∂t
ψ = Hψ =

[
−∇

2

m
+ V (x)

]
ψ =

[
−∆

m
+ V (x)

]
ψ

2 Salpeter Equation

E =
√

p2 + m2 = H

i
∂

∂t
ψ = Hψ =

√
m2 + ∆ ψ
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Klein-Gordon equation. Scalar files. No spin.

E2 = p2 + m2 = H2(
� + m2

)
φ = 0, � = ∂µ∂

µ =
∂2

∂t2 −∆

Hydrogenic atoms (V = −Zα/r , Coulomb, classical potential)

En, l = m

1 +

(
Zα

n − l − 1/2 +
√

(l + 1/2)2 − (Zα)2

)2
−1/2

' m

[
1− 1

2

(
Zα
n

)2

− 1
2

(
Zα
n

)4( n
l + 1/2

− 3
4

)
+ · · ·

]
(1)

Fine structure (Sommerfeld 1916) l + 1/2 6= nθ = 1, 2, 3, · · ·
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Proca’s equation (1936). Vector fields. Spin=1

∂µFµν + m2Aν = �Aν − ∂ν∂µAµ + m2Aν = 0
Fµν = ∂µAν − ∂νAµ
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Dirac’s equation (1928). Spinorial fields. Spin 1/2.

i
∂

∂t
ψ = Hψ

H = αipi + mβ, H† = H, H2 = E2 = m2 + p2

α2 = β2 = 1, {αi , αj} = δij , {αi , β} = 0, (Clifford −Grassmann)

Covariant form

[iγµ∂µ −m]ψ = 0, {γµ, γν} = 2gµν

γ0 = β =

(
1 0
0 −1

)
, γi = βαi = γ

i =

(
0 σi
−σi 0

)
γ5 = −

i

4!
εµναβγ

µ
γ
ν
γ
α
γ
β = iγ0

γ
1
γ

2
γ

3 =

(
0 1
1 0

)

σ
µν =

i

2
[γµ, γν ], σ0i = i

(
0 σi

σi 0

)
σ

ij = εijk

(
σk 0
0 σk

)
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Free particles-Plane waves

1 In this case one has to solve the equation, ψ ∼ exp[ip · x ]

(p/ −m)ψ =

(
p0 −m −σ · p
σ · p −p0 −m

)(
φ
χ

)
= 0 (2)

2 to have a novanishing solution the determinant

∣∣∣∣ p0 −m −σ · p
σ · p −p0 −m

∣∣∣∣ = 0, p2
0 = m2 + p2, p0 = ±ω ≡ ±

√
m2 + p2 (3)

3 thus φ and for χ become independent condition is needed
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Spin

1 This is done by requiring ψ to be spin eigenfunction.
1 The spin operator is defined as ŝ = γ5s/ , with s2 = s2

0 − s2 = −1
(So ŝ2 = −s2 = λ2 = 1)

2 the spatial component points along a given direction.
3 both operators have to commute:

0 = [p/ , s/ ] = −2γ5s · p, s · p = s0p0 − s · p = 0 (4)

4 A particular case is when one is interested in the helicity operator
s = (p, Ep/p)/m

5 (the conditions s2 = −1, s · p = 0 are satisfied and
ĥ = σ · p/p = σ · n̂).

6 The spin eigenvalue equation is, then ŝψ = λψ = ±ψ:

(σ · s− λ)φ− s0χ = 0
s0φ− (σ · s− λ)χ = 0 (5)
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1 One can solve these equation in the CM system (with s0 = 0) and
then boost them to the lab one, with momenta p.

2 In the CM one has two possibilities (s0 = s · p/p0 = 0)

(p0 −m)φ = (p0 + m)χ = (σ · s− λ)φ = (σ · s + λ)χ = 0 (6)
3 If p0 = m then χ = 0 and φ has to satisfy the eigenvalue equation:
σ · sφ = λφ.

4 The two solutions are φ = χ1,2(s) for λ = ±1 and χ = 0.
5 Another two solutions are obtained for p0 = −m then φ = 0 and χ

has to satisfy the eigenvalue equation: σ · sχ = −λχ.
6 The two solutions are χ = χ1,2(s) for λ = ∓1 and φ = 0.
7 In the case of s = sz = (0, 0, 1) the solutions are

p0 = −m : u(p, s) =

(
χ1(ŝ)

0

)
, u(p, −s) =

(
χ2(ŝ)

0

)
,

p0 = −m : v(p, s) =

(
0

χ2(ŝ)

)
, v(p, −s) =

(
0

χ1(ŝ)

)
(7)
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1 The final solution, once the former solutions are boosted is (see
Itzykson and Greiner RQM)

u(p, ±s) =
k/ + m√

2m(m + E)
u(k = 0, s) =

√
E + m

2m

(
χ1/2(ŝ)

σ·p
E+mχ1/2(ŝ)

)
v(p, ±s) =

−k/ + m√
2m(m + E)

v(k = 0, s) =

√
E + m

2m

( σ·p
E+mχ2/1(ŝ)
χ2/1(ŝ)

)
(8)

2 The most general solution is

ψ(x) =
∑

s

∫
d3p

(2π)3/2

√
m
E

[
b(p, s)u(p, s)e−ip·x + d†(p, s)v(p, s)eip·x

]
(9)

3 Antimatter, positron . Dirac, Anderson 1932.
4 Hole theory, Dirac sea . Bjorken I, 64.
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Dirac’s eq. with EM

1 EM included as a Gauge Theory :

ψ → eifψ, eAµ → eAµ + ∂µf

∂µψ → Dµψ ≡ (∂µ − ieAµ)ψ → eif Dµψ (10)

2 One has QED (EM+Relativity+QM):

LQED = −1
4

FµνFµν + ψ̄ (iD/ −m)ψ (11)

1 No A2
µ term: no photon mass.

2 Interaction part is Lint. = eψ̄A/ ψ = AµJEM
µ with JEM

µ = eJµ = eψ̄γµψ
3 ∂µJEM

µ = ∂µJµ = 0 . Charge and probability conserved.
4 Probability ρ = J0 = ψ̄γ0ψ = |ψ|2 ≥ 0.
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1 Dirac equation in presence of EM becomes

(iD/ −m)ψ = 0 (12)

2 Nucleus much more heavier than electron. Generates static φ. For
electron

(
iγ0(

∂

∂t
+ eφ) + iγ · ∇ −m

)
ψ = 0 (13)

3 By multiplying by γ0 one obtains:

(
i(
∂

∂t
+ eφ) + iα · ∇ − mβ

)
ψ = 0

Hψ = i∂ψ/∂t, H = mβ + α · p− eφ = mβ + α · p + V (r) = mβ + K + V

H =

(
m − eφ σ · p
σ · p −m − eφ

)
(14)

the Schrödinger form. Where mβ is the rest energy, K = α · p is
the ‘kinetic energy, V (r) = −eφ(r) is potential energy.
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Thus H is time independent and

ψ = e−iEt
(
ϕ
χ

)
(15)

the equation becomes

(E + eφ− µ)ϕ− σ · pχ = 0
(E + eφ+ µ)χ− σ · pϕ = 0 (16)
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Central potentials

1 For central potentials the angular part becomes universal and one
can use the identities (L = r ∧ p

σ · p =
1
r2 (σ · r)2σ · p = σ · r̂

(
r̂ · p +

iσ · L
r

)
, J = L + s = L +

σ

2

2 Adding the two angular momenta

σ · L = J2 − L2 − 3/4, Y Jm
l =

∑
ml ,ms

CJm
lml ,1/2ms

Y lmlχ1/2,ms

σ · LY Jm
l=J+1/2 = −(J + 3/2)Y Jm

l=J+1/2, σ · LY Jm
l=J−1/2 = (J − 1/2)Y Jm

l=J−1/2(17)

3 The orbital angular momenta L is not conserved, [H, L] 6= 0.
4 Total angular momenta is conserved ([H, J] = 0).
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1 EM interactions conserve parity P and that, for spinors

Pψ(t ,x) = βψ(t ,−x), PY lml = (−1)lY lml (18)

2 Then parity can be (−1)J−1/2 or (−1)J+1/2, respectively:

ψ
(1)
Jm =

(
F (r)Y Jm

l=J−1/2
if (r)Y Jm

l=J+1/2

)
=

(
ϕ
χ

)
, ψ

(2)
Jm =

(
G(r)Y Jm

l=J+1/2
ig(r)Y Jm

l=J−1/2

)
=

(
ϕ
χ

)
(19)

3 J, m and parity are well defined. l is not well defined.
4 Now the Dirac equation becomes

(E + eφ− µ)F (r)Y Jm
J−1/2 + σ · r̂

(
r̂ · p +

iσ · L

r

)
if (r)Y Jm

J+1/2 = 0

(E + eφ + µ)if (r)Y Jm
J+1/2 + σ · r̂

(
r̂ · p +

iσ · L

r

)
F (r)Y Jm

J−1/2 = 0 (20)

5 Given that σ · r̂Y Jm
l=J±1/2 = −Y Jm

l=J∓1/2. κ = J + 1/2.

(E + eφ− µ)F (r)−
( d

dr
+
κ + 1

r

)
f (r) = 0

(E + eφ + µ)f (r) +

( d

dr
−
κ− 1

r

)
F (r) = 0 (21)
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Spherical waves

In the case of free particle or spherical waves (φ = 0)

(E − µ)F (r)−
(

d
dr

+
κ+ 1

r

)
f (r) = 0

(E + µ)f (r) +

(
d
dr
− κ− 1

r

)
F (r) = 0[

d2

dρ2 +
2
ρ

d
dρ

+ 1 +
κ(κ− 1)

ρ2

]
F = 0 (22)

with ρ =
√

E2 − µ2 r (E > µ). The regular solution

F (ρ) = Ajκ−1(ρ) = AjJ−1/2(
√

E2 − µ2 r) (23)

so, using the recurrence relations for the spherical Bessel functions

ψJm = A

(
jJ−1/2(

√
E2 − µ2 r)Y Jm

J−1/2

[i/(2J + 1)]jJ+1/2(
√

E2 − µ2 r)Y Jm
J+1/2

)
(24)
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Hydrogenic atoms

(
E − µ+

Zα
r

)
F −

(
d
dr

+
κ+ 1

r

)
f = 0, eφ =

Zα
r(

E + µ+
Zα
r

)
f +

(
d
dr
− κ− 1

r

)
F = 0 (25)

taking f = u1/r and F = u2/r

ru′1 = −κu1 + (Zα + (E − µ)r) u2

ru′2 = − (κ+ (E + µ)r) u1 + κu2 (26)

λ =
√
µ2 − E2, u1 =

√
µ− E · exp(−λr)h, u2 =

√
µ+ E · exp(−λr)H

rh′ = (λr − κ)h +

(
−λr + Zα

√
µ+ E
µ− E

)
H

rH ′ = −
(
λr + Zα

√
µ− E
µ+ E

)
h + (κ+ λr) H

(27)Carlos Ramirez SM windows to NP October 27, 2015 22 / 54



and

r(h′ + H ′) =
ZαE
λ

(h + H)−
(
κ+

Zαµ
λ

)
(h − H)

r(h′ − H ′) =

(
Zαµ
λ
− κ
)

(h + H) +

(
2λr − ZαE

λ

)
(h − H) (28)

taking ϕ1 = h + H = ργF1 and ϕ2 = h − H = ργF2 and ρ = 2λr

ρḞ1 =

(
ZαE
λ
− γ
)

F1 −
(
κ+

Zαµ
λ

)
F2

ρḞ2 =

(
Zαµ
λ
− κ
)

F1 +

(
ρ− ZαE

λ
− γ
)

F2 (29)

with γ2 = k2 − α2, a = γ − Zα/λ, b = 2γ + 1. Eliminating F2

ρF̈1 + (b − ρ)Ḟ1 − aF1 = 0 (30)
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1 The regular solution is the confluent hypergeometric function
F1 = AF (a, b, ρ).

2 Given its behavior at ρ→∞, F1 → exp[ρ], so ψ → exp[ρ/2].
3 The function has to be a polynomial and a = −nr = 0, 1, 2, · · · .

Solving for E (κ = J + 1/2)

En, J = µ

[
1 +

(
Zα

nr + γ

)2
]−1/2

= µ

1 +

(
Zα

n − κ+
√
κ2 − (Zα)2

)2
−1/2

' µ− µ

2

(
Zα
n

)2

− µ

2

(
Zα
n

)4 [ n
J + 1/2

− 3
4

]
+ · · · (31)

The rest mass, the Bohr’s nonrelativistic spectra, and the fine structure
(Sommerfeld).
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Ionization

Hydrogenic atoms

Bohr’s

1s

2s, 2p

3s, 3p, 3d

Fine

1s1/2

2s1/2, 2p1/2

2p3/2

2s1/2, 2p1/2

2p3/2, 2d1/2

2p3/2, 2d3/2

Lamb

1s1/2

2p1/2 61057 Mhz
2s1/2

2p3/2

Hyperfine
1s1/2, f = 0
1s1/2, f = 1

61420 Mhz

2p1/2, f = 0
2p1/2, f = 1
2s1/2, f = 0
2s1/2, f = 1
2p3/2, f = 1
2p3/2, f = 2

Figure : Schematic representation of the energy levels of hydrogenic atoms,
in the Bohr’s, Fine structure, Lamb shift, hyperfine energy approximations.
n2S+1LJ
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Figure : Hα fine structure and Lamb Shift. From T. Hänsch, et al in Nature
235, [?]
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El. (2S1/2 − 1S1/2) νexp. [Mhz] νtheo. [Mhz]
νH 2466 061 413.187 035 (10) 2466 061 413.187 103(46)

νD − νH 670 994.334 64 (15) 670 999.586 6(15)(15)*
νµ+e− 2455 528 941.0(98) 2455 528 935.4(14)

Table : 2S − 1S transitions. * r2
d − r2

p = 3.8212(15) fm2
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QFT (canonical quantization)

[xi , pj ] = iδij~

pi = δL
δxi
→ −i ∂

∂qi
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Canonical quantization example: Scalar Field

1 Lagrangian (Normal product understood everywhere. Defined
later)

L = (∂µφ)†(∂µφ)−m2φ†φ (32)

2 The canonical conjugate momenta are

π =
δL
δ∂0φ

= ∂0φ
†, π† =

δL
δ∂0φ†

= ∂0φ (33)

3 Commutation relations are, at equal times

[π(x), φ(y)] = −iδ(3)(x− y), [π†(x), φ†(y)] = −iδ(3)(x− y) (34)
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1 Satisfied by

φ(x) =

∫
d3k

(2π)3/2
√

2ω

[
a(k)e−ik ·x + b†(k)eik ·x

]
(35)

with [a(k), a†(k ′)] = [b(k), b†(k ′)] = δ(3)(k− k′) and
k0 = ω =

√
m2 + k2. Otherwise they commute.

2 Fock space: particle (antiparticle) states:

|p >≡ a†(p)|0 >, |p̄ >≡ b†(p)|0 >, a|0 >= b|0 >= 0 (36)

The ‘creation’ (a†) and ‘annihilation’ (a).
3 Normalized < p|p′ >= δ(3)(p− p′)
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1

|n1(p1) · · · nl (pl ) > =
1√

n1! · · · nl !

(
a†(p1)

)n1 · · ·
(
a†(pl )

)nl |0 > (37)

2 Number operator

N =

∫
d3k a†(k)a(k), N̄ =

∫
d3k b†(k)b(k) (38)

3 Infinite to finite volume (Bjorken II 26)

∫
d3k →

∑
k

∆Vk , a(k)→ ak√
∆Vk

, δ(3)(k− k′)→ δkk ′

∆Vk
(39)
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Energy-momentum (particle)

1 The energy-momentum tensor and the energy-momentum of a
particle

Tµν = −gµνL +
δL
δ∂µφ

∂νφ

= −gµν
[

(∂αφ)†
(
∂
α
φ
)
− m2

φ
†
φ
]

+
(
∂
µ
φ
)† (

∂
ν
φ
)

+
(
∂
µ
φ
) (
∂
ν
φ
)†

∫
d3x φ†φ =

∫ d3k

2ω

[
a†(k)a(k) + b(k)b†(k) + a†(k)b†(−k) · e2iωt + b(k)a(−k) · e−2iωt

]
∫

d3x ∂µφ†∂νφ =

∫ d3k

2ω

[{
a†(k)a(k) + b(k)b†(k)

}
kµkν

+
{

a†(k)b†(−k) · e2iωt − b(k)a(−k) · e−2iωt
}

kµkν
]

p̂µ =

∫
d3x Tµ0 =

∫
d3k

[
a†(k)a(k) + b†(k)b(k)

]
kµ

pµ ≡
< p|p̂µ|p >
< p|p >

= pµ (40)
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1 In particular p0 = E = ω > 0. Similarly for the antiparticle!
2 Zero point energy: If no Normal product is considered

pµ ≡ < 0|p̂µ|0 >=∞ (41)

This energy is subtracted by taking Normal products everywhere
3 Zero Point energy (Planck, Einstein, Stern 1913). Seen in Casimir

effect (Itzykson 138). Important in nanotechnology.
4 Spontaneous photon emissions.
5 Normal and Time ordered product for bosons, and fermions

respectively

N(a†a) = ±N(aa†) = a†a
T (φ(x)φ(y)) = φ(x)φ(y)θ(tx − ty )± φ(y)φ(x)θ(ty − tx ) (42)
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Electric charge

1 The electric current and charge are

Jµ = iN
(
φ†∂µφ− φ∂µφ†

)
, Q̂ =

∫
d3x J0

q = < p|Q̂|p >= i
(
− ip0

2ω
− ip0

2ω

)
= 1

q̄ = < p̄|Q̂|p̄ >= i
(

ip0

2ω
− −ip0

2ω

)
= −1 (43)
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Propagator, Green’s function

The propagator is defined

< 0|T (φ†(x)φ(y))|0 > =

∫ d3k d3k′

(2π)3
√

2ω · 2ω′
< 0|T

(
a†eik·x + be−ik·x

)(
a′e−ik′·y + b′†eik′·y

)
|0 >

=

∫ d3k d3k′

(2π)3
√

2ω · 2ω′
< 0|a′a†ei(k·x−k′·y)

θ(y − x) + bb′†e−i(k·x−k′·y)
θ(x − y)|0 >

=

∫ d3k d3k′

(2π)3
√

2ω · 2ω′
δ

(3)(k− k′)
[

ei(k·x−k′·y)
θ(y − x) + e−i(k·x−k′·y)

θ(x − y)

]

=

∫ d3k

(2π)32ω

[
eik·(x−y)

θ(y − x) + e−ik·(x−y)
θ(x − y) = i∆F (x − y)

]

i∆F (x − y) = i
∫ d4k

(2π)2

exp[−ik · (x − y)]

k2 − m2 + iε(
� + m2

)
∆F (x − y) = −δ(4)(x − y) (44)
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Perturbation Theory. Interactions

|ψ(t) >I = U(t , t0)|ψ(t0) >I , i
∂

∂t
U(t , t0) = HIU(t , t0), H = H0 + HI

U(t , t0) = T exp

[
−i
∫ t

t0
dt ′HI(t ′)

]
,

S ≡ limt,t0→±∞U(t , t0) = T exp
[∫

d4xLI(x)

]
(45)

< 0|T (φ(x1) · · ·φ(xn)) |0 >=
< 0|T

(
φ(x1) · · ·φ(xn) exp[i

∫
dx LI ]

)
|0 >

< 0|T
(
exp[i

∫
dx LI ]

)
|0 >=

(46)

The amplitude is the S-matrix normalized (< p|p′ >= δ(3)(p− p′) = V/(2π)3)

A =
< f |S|i >√
< f |f >< i |i >

(47)
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Thus the differential partial width is, for a particle decaying to n new
particles

dΓ =
|A|2
T

V d3p1

(2π)3 · · ·
V d3pn

(2π)3 (48)

For collisions the flux, F of the incident particles is

F =
1
V
| < i |J|i > |
| < i |i > | =

1
V

∣∣∣∣ pE − p′

E ′

∣∣∣∣ (49)

and the differential cross section is

dσ =
1
F
|A|2
T

V d3p1

(2π)3 · · ·
V d3pn

(2π)3 (50)
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The Lagrangian is L = gSmSSP1P2, where S and P are scalar meson.
The S-matrix, the Amplitude and the matrixM are, at tree level are

S ' i
∫

dx < S|L|P1P2 >= igSmS
(2π)4δ(4)(p − k1 − k2)

(2π)9/2
√

8ωSω1ω2

A ' igSmS
(2π)4δ(4)(p − k1 − k2)

V 3/2
√

8ωSω1ω2
≡M(2π)4δ(4)(p − k1 − k2)

V 3/2
√

8ωSω1ω2
(51)

where the states are normalized as < i |i >= V/(2π)3,

< f |f >= V 2/(2π)6,M≡ igSmS =< S|P1P2 > and ωi =
√

m2
i + k2

i .
Then

dΓ =
1

2ωS
|M|2(2π)4δ(4)(p − k1 − k2)

d3k1

2ω1(2π)3
d3k2

2ω2(2π)3 (52)
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At the S rest frame k ≡ k1 = −k2 and mS = ω1 + ω2, so
k ≡ |k| = λ1/2(m2

S,m
2
1,m

2
2)/2mS → (mS/2)

√
1− 4m2

P/m
2
S

Γ(S → P1P2) =
1
8

g2
SmS

∫
d3k

(2π)24ω1ω2
δ(mS − ω1 − ω2)

=
g2

S
8πmS

λ1/2(m2
S,m

2
1,m

2
2)→ g2

SmS

16π

√
1− 4m2

π/m2
f(53)

given that d3k = 4πk2dk and
∫
δ(f (x))dx =

∑
i |f ′(xi)|−1 with f (xi) = 0.

In the case of two identical final scalars (P1 = P2 = P) a factor of 1/2!
has to be added

Γ =
g2

S
16π

mS

2

√
1− 4m2

P/m
2
S (54)
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Higgs decays

Γ(H →WW ) =
g2

64π
m3

H

m2
W

(
1− xW +

3
4

x2
W

)√
1− xW

Γ(H → ZZ ) =
g2

128π
m3

H

m2
W

(
1− xZ +

3
4

x2
Z

)√
1− xZ '

1
2

Γ(H →WW )

Γ(H → f f̄ ) =
NCGF

4
√

2 π
mHm2

f β
3
f

(
1 +

4αS

3π

(
9
4

+
3
2

log(m2
q/m

2
H)

))
(55)
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e−e+ → f f̄

The transition matrix is

M = i
qiqf e2

q2 ū(3)γµv(4)v̄(2)γµu(1) (56)

Computing the traces

|M|2 =
q2

i q2
f e4

q4
2

(mM)2

[
(p1 · p3)2 + (p1 · p4)2 + (m2 + M2)(m2 + p1 · p2)

]
(57)

Working out the kinematics

(p1 · p3)2 + (p1 · p4)2 = 2E4[1 + (ββ′x)2]

(p1 · p3)2 − (p1 · p4)2 = −4E4ββ′x
m2 + p1 · p2 = M2 + p3 · p4 = 2E2 = s/2 (58)

with s = q2 = 4E2, x = cos θ where θ is the angle between p1 and p3.
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Adding all terms and replacing in the formula

dσ̄
dΩ

=
1

32π

(
mM
E

)2

|M|2β′ (59)

one obtains

dσ̄
dx

= (qiqf )2β′
πα2

2s

[
1 + (ββ′x)2 +

m2 + M2

E2

]
(60)

Particular cases can be obtained for the high energy limit (E >> m,M)

dσ̄
dx

= (qiqf )2πα
2

2s
(61)

and

σ̄ = (qiqf )2 4πα2

3s
→ σ̄QED(ee+ → µµ+) =

4πα2

3s
(62)
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σ̄ = (qiqf )2 4πα2

3s
[1 + 2vf vi + (v2

f + a2
f )(v2

i + a2
i )]→ σ̄QED(ee+ → µµ+) =

4πα2

3s

R =
σ̄(e−e+ → hadrons)

σQED(ee+ → µµ+)
' NC

∑
f

(qf )2 '


2 u, d, s
10/3 u, d, s, c
11/3, u, d, s, c, b.

(63)
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Figure 39.6, Figure 39.7: World data on the total cross section of e+e− → hadrons and the ratio R = σ(e+e− → hadrons)/σ(e+e− → µ+µ−,
QED simple pole). The curves are an educative guide. The solid curves are the 3-loop pQCD predictions for σ(e+e− → hadrons) and the
R ratio, respectively [see our Review on Quantum chromodynamics, Eq. (9.12)] or, for more details, K.G. Chetyrkin et al., Nucl. Phys.
B586, 56 (2000), Eqs. (1)–(3)). Breit-Wigner parameterizations of J/ψ, ψ(2S), and Υ (nS), n = 1..4 are also shown. Note: The experimental
shapes of these resonances are dominated by the machine energy spread and are not shown. The dashed curves are the naive quark parton
model predictions for σ and R. The full list of references, as well as the details of R ratio extraction from the original data, can be
found in O.V. Zenin et al., hep-ph/0110176 (to be published in J. Phys. G). Corresponding computer-readable data files are available
at http://wwwppds.ihep.su/≈zenin o/contents plots.html. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups,
November 2001.)
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Exper. α−1 acc.
CODATA 2010 137.035 999 074(44)
ge − 2 137.035 999 174(35)
gµ − 2 137.035 999 710(96)?
R∞, 86Rb [?], 133Cs 137.035 999 037(91)
h/mnd220, Si 137.036 007 7(28)
R∞, λCompton

n 137.036 010 1(54)
Hyperfine 137.036 0(3)
Hyperfine muonium 137.036 001 7(80)
Lamb shift 137.036 8(7)
Q Hall e. RK = h/e2 137.036 003 9(25)
Josephson e. KJ = 2e/h 137.035 987 5(43)

Table : Experimental α-s, from CODATA-NIST at [?, ?]
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Element νexp. [Mhz] νtheo. [Mhz]
H 1057.8446 (29) 1057.851 (2)
D 1059.2337 (29) 1059.271 (25)

He+ 14041.13 (17) 14041.18 (13)
C5+ 780.1 (80) GHz 782.87 GHz

phosphorus 20 188 (29) GHz 20 254(10) GHz
Mg11+ λ1s1/2−2p1/2 0.842 50(4) nm ?? GHz
Mg11+ λ1s1/2−2p3/2 0.841 90(2) nm ?? GHz

U91+ 460.2 (46) eV 463.95 (50) eV
H νL(1S) 8172.837 (22) 8172.731 (40)
D νL(1S) 8183.966 (22) 8172.811 (32)?

Table : Lamb shift for hydrogen and other elements (Izk. 365, Jauch 534) [?].
See Phys. News. update # 242, D. Berkenland in ref [?].
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Element νexp. [Mhz] νtheo. [Mhz]
H, 1s 1420.405 751 766 7(10) 1420.452
D, 1s 327.384 352 522 (2) 327.339

Tritium, 1s 1 516. 701 470 773 (8) 1516.760
3He+, 1s 8665.649 867 (10) 8667.494

µe 4463.302 776 (51) 4463.302 913 (511)(34)(220)
e−e+ 203 388.65 (67) 203 391.69 (41)
H, 2s 177.556 838 (4) 177.556 8381(4)
D, 2s 40.924 454 (7) ?40.918 81

3He+, 2s 1083.354 980 7 (88) ?1083.5853

Table : Hyperfine splitting for hydrogen and other elements. [?]
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aQED
e =

α

2π
− 0.328 478 445 ·

(α
π

)2
+ 1.183(11) ·

(α
π

)3
,

aSM
µ =

α

2π
+ 0.765 782 ·

(α
π

)2
+ 24.45(6) ·

(α
π

)3

aQED
l =

α

2π
+

[
197
144

+
π2

12
+

3
4
ζ(3)− π2

2
ln 2
](α

π

)2
+ · · ·

aEW
τ (1 loop) =

5Gµm2
τ

24
√

2 π2

[
1 +

1
5

(
1− 4s2

W

)2
+O

(
m2
τ/m

2
Z , W , H

)]
a(2)
τ (Had.) =

∫ ∞
4m2

π

ds Kτ (s)R(s), K (s) =
α2

3π2s

∫ 1

0
dx

x2(1− x)

x2 + (1− x)s/m2
τ

R(s) =
σ(0)(e−e+ → had.)
σ(0)(e−e+ → µ−µ+)

(64)
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A four-vector Aµ = (A0, A) transforms under the Lorentz
transformations (with v the relative velocity along the x-axis, and in
natural units c = 1)

A0 = γ(A′0 + vA′1) = A′0 cosh ξ + A′1 sinh ξ, A2 = A′2, A3 = A′3

A1 = γ(A′1 + vA′0) = A′1 cosh ξ + A′0 sinh ξ

x = x′ +
[

x′ · v
v2 (γ − 1) + γt ′

]
v, t = γ

(
t ′ + v · x′

)
(65)

with γ = 1/
√

1− v2, cosh ξ = γ, sinh ξ = γv (so tanh ξ = v ≤ 1) and
given that cosh2 ξ − sinh2 ξ = 1. In particular the norm, and the inner
(or dot) product between two four-vectors are invariant.

|A|2 =
(

A0
)2
− A2 = AµgµνAν = AµAµ, Aµ ≡ gµνAν = (A0, −A)(66)

is invariant with (Aµ and Aµ are the covariant and contravariant
components)
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gµν = diag.(1,−1,−1,−1), gµνgνµ
′ ≡ g µ′

µ = δ µ
′

µ , gµν = gµν (67)

Examples of four-vectors are

xµ = (t , x), s2 = t2 − (x)2, uµ ≡ dxµ

dτ
= γu(1, u), aµ ≡ d2xµ

d2τ
= γ4

u

(
a · u, (a · u)u +

a
γ2

u

)
pµ = mvµ = mγ(1, v) = (E , p) = i∂µ = i

∂

∂xµ
= i
(
∂

∂t
, −∇

)
, ∂µ ≡

∂

∂xµ
=

(
∂

∂t
, ∇
)

∂µxν = gµν =
∂xν
∂xµ

= δµν , Fµ = maµ = γu(F · u, F) = γu(P, F), kµ = (ω, k),

F =
dp
dt

= mγ3
u(a · u)u + mγua = mγ3

ua‖ + mγua⊥, a‖ =
a · u
u2 u, a⊥ = a− a‖

Jµ = (ρ, J), Aµ = (φ, A), γµ = (γ0, γ i) (68)

with dt = γdτ , been τ the proper time.
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Several norms are pµpµ = E2 − p2 = m2 vµvµ = 1. Velocities are
added as

ux =
u′x + v

1 + u′xv
, uy =

u′y
γ(1 + u′xv)

, γu = γγu′
(
1 + u′xv

)
(69)

In general Lorentz transformations can be written as xµ = Λµνx ′ν . In
the special case of v going along the x-axis

Λµν =


γ γv 0 0
γv γ 0 0
0 0 1 0
0 0 0 1

 , Λµν = gµµ′Λµ
′
ν, · · · (70)

Given that the norm has to be invariant one has that

gµνxµxν = gµν
(

Λµµ′x
′µ′
)(

Λνν′x
′ν′
)

= gµνx ′µx ′ν (71)

and ΛµαgµνΛνβ = ΛµαΛµβ =
(
ΛT ) µ

α
Λµβ = gαβ, so (det.Λ)2 = 1 and

det.Λ = ±1. They correspond to the proper and improper Lorentz
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Similarly tensors are defined as the quantities Tµν···αβγ··· transforming
under the multiple Lorentz transformation

Tµν···αβγ··· = Λ µ′
µ Λ ν′

ν · · ·Λαα′Λββ′Λ
γ
γ′ · · · (T ′)µ′ν′···α

′β′γ′··· (72)

The Electromagnetic tensor and its dual (E = −∇A0 − ∂A/∂t and
B = ∇∧ A)

Fµν = ∂µAν − ∂νAµ =


0 −Ex −Ey −Ez

Ex 0 −Bz By
Ey Bz 0 −Bx
Ez −By Bx 0

 , Fµν = −1
2
εµναβ∗Fαβ

∗Fµν =
1
2
εµναβFαβ =


0 −Bx −By −Bz

Bx 0 Ez −Ey
By −Ez 0 Ex
Bz Ey −Ex 0


Ex = E ′x , Ey = γ

(
E ′y + vB′z

)
, Ez = γ

(
E ′z − vB′y

)
Bx = B′x , By = γ

(
B′y − vE ′z

)
, Bz = γ

(
B′z + vE ′y

)
(73)
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There are two invariants:

FµνFµν = −∗Fµν∗Fµν = −2(~E2 − ~B2), Fµν∗Fνρ = gµρ ~E · ~B (74)

The Maxwell equations (in homogenous and homogenous) and the
Lorentz force are

∂µFµν = µ0Jν , ∂∗µFµν = ∂αFµν + ∂µF να + ∂νFαµ = 0,
dpµ

dτ
= eFµνuν (75)

The Pauli matrices have the following properties:

σiσj = δij + iεijkσk , σ · a σ · b = a · b + iσ · (a ∧ b)

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(76)

[σi , σj ] = 2iεijkσk , {σi , σj} = 2δij , ~σ×~σ = 2i~σ, they are traceless and
trσiσj = 2δij .
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The totally antisymmetric tensor satisfy

εµναβεµ
′ν′α′β′ = −gµµ

′
gνν

′
gαα

′
gββ

′
+ gµµ

′
gνν

′
gαβ

′
gβα

′ − gµµ
′
gνβ

′
gαν

′
gβα

′
+ · · · = −det(gσσ

′
)

εµναβεµ
′ν′α′

β = −gµµ
′
gνν

′
gαα

′
+ gµµ

′
gνα

′
gαν

′ − gµα
′
gνµ

′
gαν

′
+ gµα

′
gνν

′
gαµ

′
+ · · · = −det(gσσ

′
)

εµναβεµ
′ν′
αβ = −2

(
gµµ

′
gνν

′ − gµν
′
gνµ

′
)
, εµναβεµ

′
ναβ = −6gµµ

′
, εµναβεµναβ = −4! = −24(77)

where in the first case σ = µ, ν, α and β (to form a 4× 4 determinant),
in the second case σ = µ, ν and α (to form a 3× 3 determinant), and
similarly for σ′. The 3D version is

εijkεlmk = δilδjm − δimδjl , εiklεikm = 2δlm, εiklεikl = 3! (78)
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